The Jahn-Teller problems of C 60 anions involving t 1g next lowest unoccupied molecular orbital (NLUMO) were theoretically investigated. The orbital vibronic coupling parameters for the t 1g orbitals were derived from the Kohn-Sham orbital levels with hybrid B3LYP functional by the frozen phonon approach. With the use of these coupling parameters, the vibronic states of the first excited C − 60 were calculated, and were analyzed. The dynamical Jahn-Teller stabilization energy of the first excited C − 60 is stronger than that of the ground electronic states, resulting in two times larger splitting of vibronic levels than those of the ground state C − 60 . The present coupling parameters prompt us to understand more about the excited C 60 .
I. INTRODUCTION
Highly symmetric C 60 exhibits complex Jahn-Teller dynamics characterized by orbital-vibration entanglement in various charged and excited states 1-3 . Among these states, negatively charged C 60 is one of the most interesting cases because it often serves as a building brick of materials [4] [5] [6] [7] [8] [9] [10] . In order to comprehend thoroughly the role of the building brick, many properties of negatively charged C 60 should be understood clearly, especially about JT effect involved properties. Though JT effect, including dynamic JT effect, of C 60 anions have been intensively investigated , it is only last years that the actual situation in the ground electronic states of C n− 60 molecule (n = 1 − 5) has been established with accurate coupling parameters, which showed the importance of dynamic JT effect 32, 33 . So far, the works about the dynamic JT effect in negatively charged C 60 have been almost always in the ground electronic configuration populating only the lowest unoccupied molecular orbitals, which is the t 1u orbital. However, to our knowledge, neither the vibronic coupling parameters for excited electronic configuration, say t 1g next lowest unoccupied molecular orbial (NLUMO), nor the relevant JT effect has been theoretically investigated much. While it is believed that the nature of excited C 60 anions involving the next lowest unoccupied molecular orbital is of fundamental importance to interpret absorption spectra of isolated C − 60 22, 28, [35] [36] [37] [38] [39] [40] [41] , electron transfer process of fullerene 42, 43 , and excitation spectra of alkali-doped fullerides [44] [45] [46] , and the JT effect involving the NLUMO must be significant in highly alkali doped 44 and alkali-earth/rare-earth doped fullerides [47] [48] [49] [50] [51] [52] [53] . Furthermore, it might also be important 54 in recently reported light induced superconductivity of alkali-doped fullerides 55, 56 . Recently, bound excited states of C − 60 have been theoretically investigated [57] [58] [59] [60] [61] , and the stability of a) Electronic mail: zhishuohuang@gmail.com b) Electronic mail: iamdliu@nwpu.edu.cn the first excited 2 T 1g states of C − 60 has been confirmed, nevertheless, the vibronic problem has not been investigated.
In this work, we address the dynamical JT effect of first excited C − 60 anion populating the t 1g NLUMO. The vibronic coupling parameters are derived from the data obtained by density functional theory (DFT) calculations with hybrid B3LYP exchange-correlation functional. Using these coupling parameters, the vibronic states are obtained by numerically diagonalizing the dynamical JT Hamiltonian matrix, and are analyzed.
II. JAHN-TELLER EFFECT

A. Model Hamiltonian
The t 1g next LUMO of neutral C 60 with I h symmetry is triply degenerate and separated from the other orbital levels 1 . According to the selection rule, the t 1g orbitals couple to totally symmetric a g and five-fold degenerate h g representation as in the case of t 1u orbitals 62 :
In this work, we take the equilibrium structure of C 60 as the reference. Therefore, besides the h g modes, the vibronic couplings to the a g modes are nonzero. 
Here, q Γγ and p Γγ (γ = θ, ǫ, ξ, η, ζ for Γ = h) are massweighted normal coordinates and conjugate momenta, respectively, ω Γ is frequency, and V Γ the vibronic coupling parameters. The basis of the marix is in the order of |T 1g x , |T 1g y , |T 1g z . The representation for normal coordinates and conjugate momenta possess the symmetry
, as they are in consistent with the original and most used representation 1,11,12,63? . The bases are different from those (Q) of some previous work 14 . The relation between them are
In the above equation, the indices g or u indicating the parity and the indices µ distinguishing the frequencies are omitted for simplicity. They are added when necessary for the discussion.
B. Adiabatic potential energy surface
The model Hamiltonians for the ground electronic configuration and the first excited configuration are the same. Therefore, many electronic properties of the ground and the first excited electronic configurations are common too. The depth of the adiabatic potential energy surface (APES) with respect to the reference structure is given by
with
where E a and E JT are the first and the second terms in the last expression in Eq. (6), respectively, and q h is the list of q hγ . The APES has two-dimensional continuous trough 63 , suggesting the presence of SO(3) symmetry 64,65 .
C. Vibronic states
As in the case of the JT problem for the ground electronic configuration [64] [65] [66] , the vibronic angular momentâ J also exist in the first excited state 1 :
Therefore, the eignestates ofĤ (vibronic states) are expressed by J, M J , and principal quantum number α, The analytical treatments of the vibronic states in the strong limit of vibronic coupling 11,16,31,63,64 and weak coupling limit 12 have been discussed much. Nevertheless, for the quantitative description of C 60 ions, only numerical approach can provide accurate description.
For numerical calculations, it is convenient to expand the vibornic states as
Here, n h = (n hθ , n hǫ , n hξ , n hη , n hζ ) is the set of vibrational quantum numbers of the Harmonic oscillation part of Eq. (4). Such an expansion using the direct products of the electronic states and the eigenstates of harmonic oscillator has been developed long time ago 67 and has been routinely used to study dynamical JT problems including fullerene anion 11, 15, 16, 25, 29, 32, 64, 68 . In the present calculations, the vibrational basis is truncated as
because the dimension of the Hamiltonian matrix rapidly increases. To take account of the eight sets of h g modes in real C 60 , µ is added in the condition. For the diagonalization of the vibronic Hamiltonian (4), Lanczos algorithm was applied 69 .
III. RESULTS
A. Orbital vibronic coupling parameters
The orbital vibronic coupling parameters are defined by the gradients of the t 1g NLUMO level: where q is the set of all normal coordinates. In the present case, the vibronic coupling parameters V Γ correspond to the orbital vibronic coupling parameters v Γ :
in a good approximation because of the very small mixing of the orbitals under JT deformation. The vibronic coupling parameters are derived by fitting the model potential to the gradients of NLUMO levels calculated in Ref. 33 . The calculations were done using DFT calculations with hybrid B3LYP functional, because, indicated by the previous studies, B3LYP could give closer parameters to the experimental data 34, 68 , and has a good agreement wit GW approximation calculations 71 . The derived coupling parameters are listed in Table I , and one of the fittings are shown in Fig. 1 (see for the others Supplemental Materials).
The stabilization energies in the first excited electron configuration are E a = 24.04 and E h = 65.58 meV, which are by 30.7 % and 32.5% larger than the stabilization energies of a g and h g mode for the ground configuration, respectively. Moreover, almost all the vibronic coupling parameters for the h modes in the T 1g state are opposite compared with the case for the T 1u state. The difference in sign indicates that the relative displacements in the ground and excited electronic states are large, and hence, the vibronic progression under the transition 2 T 1g ← 2 T 1u tends to be stronger than that under the photoelectron spectra of C 
B. Vibronic states
The ground vibronic levels (termed by J=1) for the T 1u (LUMO) and T 1g (NLUMO) electornic states are −96.5 and −113.8 meV, respectively. Previous study shows that for LUMO, the contributions from the static and the dynamic JT effect to the ground energy is almost the same 32 , but this is the not the same situation for NLUMO, as is shown in Table. II. The ratio of the dynamical contribution to the static contribution is smaller in NLUMO case than in LUMO case, which is consistent 11,16 with the stronger vibronic coupling in NLUMO than in LUMO.
The low-energy vibronic levels are shown in Fig. 2 (see also Table. III) for NLUMO, and LUMO, and are compared with the vibrational levels of neutral C 60 . For easy comparision, the energies of ground states of LUMO, NLUMO and the lowest vibrational state were shifted to a same level (0 meV). The group of the first excited vibronic levels (J = 3, 2, 1) split more in NLUMO than in LUMO, as expected from the stronger vibronic coupling in the former: The splitting of the former, 13.3 meV, is about two times larger than that of LUMO (4.4 meV). Such splitting may be observed as fine structure in e.g. high-resolution absorption spectra of C − 60 .
IV. CONCLUSION
In this work, the vibronic states of the first excited C Energy (meV) 1 (3) 1 (3) 1 (3) 1 (3) 1 (3) 1 (3) 2 (5) 2 (5) 2 (5) 2 (5) 3 (7) 3 (7) 3 (7) 3 (7) 3 (7) 5(11) (1) 
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I. JT SPLITTING OF THE NLUMO LEVELS
There are eight q hǫ deformation, which are distinguished by the subindex, as q h(1)ǫ corresponding to the first q hǫ deformation. The splitting patten of the NLUMO levels with respect to q h(i)ǫ (i=1,2...8) deformation are shown in Fig. 1, 2, 3, 4 , 5, 6, 7, and 8, respectively. 
